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Fourier Series

———— c—— —

1.1. PERIODIC FUNCTIONS

A function flx) which satisfies the relation flx + T) = flx) for all x is called a periodic
function. The smallest positive number T, for which this relation holds, is called the period of
flx).

If T is the period of fix), then Ax)=Ax+T)=fAx +2T) = ....... = fix + nT) = ......

Also fX)=fx-T)=fx—-2T) =..... =flx-nT)=......
flx) = fx £ nT), where n is a positive integer.

Thus, fix) repeats itself after periods of T.

For example, sin x, cos x, sec x and cosec x are periodic functions with period 2n while
tan x and cot x are periodic functions with period n. The functions sin nx and cos nx are peri-
2n

odic with period =

The sum of a number of periodic functions is also periodic. If T, and T, are the periods of
fix) and g(x), then the period of @ flx) + b g(x) is the least common multiple of T, and T,

For example, cos x, cos 2x, cos 3x are periodic functions with periods 2n, n and 2x

A 3
respectively.
fix) = cos x + 4 cos 2x + } cos 3x is also periodic with period 2x, the L.C.M. of 2m, m and

2n ;
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1.2. FOURIER SERIES

Periodic functions are of common occurrence in many physical and engineering prob-
lems; for e:-:am?le, in conduction of heat and mechanical vibrations. It is useful to express
these functions in a series of sines and cosines. Most of the single valued functions which occur

ina]:npljedu'uathemat;itast:.?ull:netam:;:rmsa;m:linthe:fm'm%‘l +@,Co8x +a,co8 2x + a5 cos 3x + ......
+b,sinx + b, sin 2x + b, sin 3x + ......

within a demd range of values of the variable. Such a series is known as Fourier Series.
Thus, any function flx) defined in the interval € Sx =¢, can be expressed in the Fourier Series
= =
fix) = ?"1- Z (a, cos nx + b, sin nx)

n=1

whereag, a,, b, (n=1,2,3, .....) are constants, called the Fourier co-efficients of flx).
3
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following results: (m and 1 are integers)
: _and b, wesh""“"d'he (ix) Even and Odd Functions

+2n
To determine &g 3'-“"":[ =0,n#0

Note.
+a2n
(i) r gin nx dx

(u)r mnmxﬂ”"‘d"‘ 'J‘

+3l nx dx
cos MI I‘ OD.

[sm(m+n)x+mn(m n) x| dx

+2n
cos (m = u}x[ =0,m#n

e
2 m+n
: _n)xldx
- mx-wsn.rd.t=1 us[m{m+n)x+cos(m n) x
(iiilr cos 2 ). -
T ‘ ) d
-lrgintm+n)x+sm;:m—:)z[ sl -

2 m+n

A function fix) is said to be even if fl- x) = fix) eg., x%, cos x, sin? x are even functions.

The graph of an even function is symmetrical about the y-axis.

A function flx) is said to be odd if i-x) = - Ax) eg. =% sinx, tan® x are odd functions.

The graph of an odd function is symmetrical about the origin.

The product of two even functions or two odd functions is an even function while the product of

an even function and an odd function is an odd function.

Also, r £(x) dz = 0, when fix) is an odd function
-g

r flx)dx = 2J: f(x)dx, when f{x) is an even function.
)

1.3. EULER'S FORMULAE

“hlous(m—n)x-ws(m+n}x]dz

+2 d __1_
m_,]r 'ﬁnmxsmnxdr-EL
R

+2n
1[m(m-n)x_sin{m+n)1[ =0,m#n

='§ m=-n m+n
2 > sin 2nx +2n
, sin2nx *2'=ﬂ' J'“ 'mzmdxz[E—T ==,n=0
(I'J'] m de 2 4'.' c

mB2nx
_0, 20
(wlr smnxuosnxdx--—‘r smzm:dn!—?[ ”

f two functions, one of which is a positive integral power of x, we
apply g;gﬁxﬁﬁ?mﬁy parts. If dashes denote differentiation and suffixes denote
integration w.r.t. x.lhendecanbestazedasfollows

Juvdz=up - t'vy + 4703 = 4" vy .0 where u and v are functions of x. i.e., Integral of th

product of two functions

= 1st function x integral of 2nd ~ go on differentiating 1st, integrating 2nd, signs alternately + v
and - ve.

[Simplification should be done only when the integration is over.]

mmmple,jxse"‘dﬁr’[%]' [(_2)2} [( 2)3] [( 2>‘]

_z;[ 15 3. __:'=_;- e 2% (425 + 652 + 62+3)

Iﬁmsudx:xs(m"")_h[‘mﬂ:]+2(tBin:x}

n n

: 2x
=-—mnu+—msnx—in'nu-
n n? nd

{vids) sinan=0 and cos = (-1}

’ 1 .
sm(mi-]nzt—l) and ous[n +%J:=0,wheren is an integer.

The Fourier series for the function flx) in the interval ¢ < x < ¢ + 21 is given by

’ f{x)zgzld— > a,cosnx+ » b,sinnx (1

n=1 n=1

In finding the co-efficients a,, @, and b,, we assume that the series on the right hand

gide of (1) is uniformly convergent forc<x<c+ 2n and it can be integrated term by term‘in the
given interval.

To find a,. Integrate both sides of (1) w.r.t. x, between the limits c to ¢ + 2.

‘[_“hf(x}dx - %Q-I:+2‘dx+£+2z[§1 a, cos m:]d: +J:+3.[§1 b, sin n.x]d.t

=a?°(c+21t—c)+0+0 [By formulae (i) abovel

1 pe+2x
a.,=;_[: flx) dx

To find a,, multiply both sides of (1) by cos nx and integrate w.r.t. x, between the limits

ctoc+ 2m

J;“-hf(x)coanxdx:a—z"f*h cos nx dx

+f”'[z a, cosm:]cusnxdx +‘[°'h[z b smnx]coanxdx

n=1

=0+a,m+0 [By formulae (i), (v) and (vi)]

=am

=—j f(x) cos nx dx
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integrate w.r.t. x between the limit,

To find b, multiply both sides of (1) by sin nx and
ctoc+2n
ru:}sinm:dz

J’“hf{x)sin nx dx =52'i_|:“hsin nx dx -i-fdn{zl a, Cos

r.z,[z snnnnca

[By formulae (2), (vi) and (u)]

=0+0+4b,n
=bn

[7 ] peedn _ !
b_:; f(x)sin nx dx

+2n 1 pe+2n _1 Gt 3
Hanmao=;1c flx)dx; ﬂ,,=;J: f(x)muﬂ:mdbn-;L f(x) sin nx dx
(D)

These values of a,, a, and b_ are called Euler’s formulae.
Cor. 1. If ¢ = 0, the interval becomes 0 < x < 2n and the formulae I reduce to

1 2= 1p2n 1 2= i
== : =— ; by =— ) dx
ag u-'; flx)dx; a, n-’; f(x)cosnxdx; b, nJ; f(x)sin nx
Cor. 2. If ¢ = - 1, the interval becomes - 1t < x < n, and the formulae I reduce to

n "
aoz;]-[’ﬂx)aﬂ:;an =;:-fsf{x]wsnxdx;b,,=;1‘[sﬂstinnzdx
Cor. 8. When fix) is an odd function ao=;1‘[’;ﬂxjd.x=0
Since cos nx is an even function, therefore, fx) cos nx is an odd function.
a,,=;'lf;ﬂx]oosnxdx=0
Since sin nx is an odd function, therefore, fix) sin nx is an even function.
b, -—fﬂx}smnxdx-——fﬂx)mmdz
Hence, if a periodic function Ax) is odd, its Fourier expansion contains only sine terms,

ie, A S b, wis, whie A 2 _L'ﬂx) sin nx dx

n=]
When fix) is an even function a, -—ff(x)dt ——-fﬂxldx
Since cos nx is an even function, therefore, f{x) cos nx is an even function.

a, =;[‘ﬂxjoosn.rdr=;fﬂxjcmmdx

FOURIER SERIES
— e 7

St Bea e 1w 0 ﬁ'mm"“sthﬂl!fore + flx) sin nx is an odd functi
on.

—ﬁr f(x) sin nx gy = 0
Hence, if a periodic function flx) is even

its Fourier expansion contains only cosine

terms,
au -
B flx)=—>+ o A
e 2 )‘Z‘la wsu.whereao-;juf(xjdzanda,=%—J:ﬂx1mm:dx.
_-— ILLUSTRATIVE EXAMPLES

Example 1. Obtain the Fourier series to represent fix) = (E.‘_’r O<x<2n
2 3’ i

(MD.U. 2
Hsoe obtaiin e follosing relatin 006, Dec. 2010, U.P.T.U. 2008)

oo d 2 X 1 <X I _af
L A i el T
. 1 1 - (-1 g2
e s e T =5
@ F-grta = (MD.U,, 2010)
1 I 1 el 1 ||;2
i) — g b=t e
(iit) 12 32 52 z (2]1. 1)2 (M.D.U., 2006)

1' - -
Sol. Let ﬂx}=1(n—x)’=921+§1 anmnx+"zlbnsinnr

By Euler’s formulae, we have

3 1201 it 1 s gl
Lﬂ-"}dx r (m - I‘E[ ]o =—-—u[-!t ~ﬂ|=?

= 1
--(u x)? cos nx dx

a, = ;Iu " flx) cos nxdx =1

» n
S 2(114::){— m.;“]+ 2[— m;u]]
n n o

- 0+m+o]ﬁ[o_2ﬂm0+o) 1 2,,+2,,]__1_
4n n? n? 4n n?] n?

sin

S e
—“[(n x)

_1 2n : -_1. Rxl i
b,,—;J; f(x)smnxdx-“jo 4(1: x)*° sin nx dx
2n
_1[, .o cosnx )( smnx] 2(003::.:]1]
—4n[{11: xl( = ] (- 2(n - 2)} " i g 3

=_1_[[_ nloosnn 2m32nn]_[_ﬁ_0+2m:o]]
4n

n n n n
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_ l'{ u'+ 2} ( r’ __Z_H_U
"%l s sl L m 7 2n
41! n n? n n’ =2ijo xlsin (n + D x —sin (n — 1) x| dx
n
= 2 cosx cos2x cos3x . 2n
ﬂxl=—2+z cu:2m=:_2+_fr+_23__+—é?_+”m' (1) 1+r { ms(n-l-l)x_‘_ms(n—l}x} {_sin(n-rl}x sm(n—;}x
R=l : = [ I = N (n+1? tn=1)
Deductions - i E
(i) Putting x = 0 in equation (1), we get
2 ' 1 cos 2(n + I oosf&{n—l)n}:l
n 1 1 1 1 = 2= e
ﬂ0)=-ﬁ+(i—z~+2—z+3—z+12—+ ...... ) 23[ { n+l n-1
2
nt n? 1Y AR GO | o k 1. § el
= _=—+[—2+—=+—’“+‘-§*+......J n+l n-1 n =1
4 12 L1284 1 r2r 12 ..
. _1_+i+_l_+ 1+ o When n = 1, we have a, = ;‘L xsmxmnrd:=Et~L x sin 2x dx
R L A2) i o _1[_sin2x]2"=i[_ﬂ]____l
(ii) Putting x = n in equation (1), we get “on x[— 2 ] ; 4 p 2% 2
2 -1y, 1 (-1}, 1 1 ; B | | BT
ﬂm=E+[(]?]+2_2'+[3_3J+4_2+h"-‘] b“—;jo Fle) ol e cx :Iu e
1 ¢ . i 1 2=
3 =— x(2smn.tsmx)dx=—j- x [cos (n - 1) x — cos (n + 1) x] dx
i Qe Ay X L. L 2n o 2rndo .
= Sttt I 20
- LT _1[_[sin(r-Dx _sin(a+Dx| _msl{n—l)_;t_+¢ns(n+1)x}
Y X0 n? 2" n-1 n+l VT @-12 (n+1?
P Gt “;——31-......-‘-— ¢
(ii'}A:' 22 A = - - e T 1 ]
©) Adding (2) and (3), we get "2t (n-D? (n+1* (-1 (+1?
1.3 1 2 a2 [ 1
et et A
2 3% 52 6 12 2n _(n-—l)’ (n+1D? (1'1-1)“"Pti'l.+1J2
an 2
= g kL 1{n?) =? When r = 1, we have b =—1—I xsin:sinxdt=—l—'[ " x(1- cos 2x) dx =
Tttt toa=s|—(=— ’ 1" nldo 2n Jo
1 3 5 2| 4 8" & -
: 2
Example 2. Expand flx) = x sin x, 0 < x < 2n as a Fourier series. =§1_{x[x_sm22x]__l_[%,;£n;_2x}l)
(K.U.K. Dec. 2010 ; M.D.U. 2007, Dec. 2008, Dec. 2010) 3
- = 1 7 - e W R L
&’ = A _ﬂo y = — - -t — | = (2n*) =
l.Letﬂx} Ismx——-z—nl-z a.mﬂx“,z b,.smﬂ.l.’ 21[2“{,2“) 2 4+4} 21( n
A=l m=l

f(;):a?“+a1max+b, sinx+ ) @, cosnx+ ) b,sinnx

By Euler’s formul ¥ 1p2x
ae.webaveao_uL ﬂx)dx=;f xsin xdr a=g n-2
2 -
.—.;}[x(—cusx}—l.(—sinx) '=1l~2ni=—2 =—1—lcmx+ﬂsinx+z cosnx +0
s ® 2 s pt-1
1 pis 2
Qy =— f(x)coanxa&=_l ; 1 p2= = T 2 R O it
x u-L - xsmxmsud_rzgj; a2 SE 1+ msinx 2°°“+2z__1°°°2""3a_1°“3‘+
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Example 8. Find a Fourier series to represent x — x* from x = - 1t to x = n. Hence shoy,

that
Lo e S it
Tl o A o 12
(V.T.U.,, 2006; K.U.K. 2009; Madras 200g)
Sol.Letx-x*:“?hz a, cosnx+ Y b, sinnx
a=1 a=]
By Euler’s formulae, we h : 2 1fz2 2T
er’s form , we == - et [ -
y ave a, nfu(x x")dx 22 3,
Afal_mt) (a2 x| _2e?
x[l2 3 2 e N R
a,:lr(x—xz)oosnxdx
Ned=-=xn
. M L
=l[(x_xz]slnnx_u_2x)(_cns:.r]*_(_,"{-_smmc]]
- n ” nr M
=l {1—2:)““'—(“2::) cosnn| 1 _4p COSNT
n n? n? n n?
= 4(—1)"
e [ cosnm=(- 1"
b,=3r(x-x2)sinnxd:
Mid-n
1 - "
=—[(x—x2)(-ﬂ"_‘]_u—zx>(-’“’:‘"‘]ﬂ-z:»[m’“ﬂ
n n n "l | I
=—1[(s’-n)M—z"“";"‘u—n-x’)ﬂdm"“]
T n n n ns
=1[&2,_M]=_gf-ﬂ“
n n n
n* — (-1 -
x-x’:——a—-tinzl 7 cos nx - 2 21( sin nx
=_1r_’_4 cosx  cos2x cos3x
3 2 o2 gt o
2[-sinx sin 2r  sin 3x
i 1 2 3
__x LR cos 2x cosax_ +2 sinx sin2x sin3x
T LR R o e e
2
: » n i . L R |
Puttmgx_o,weget,(]-- 3 + (1_3_5?+3_2_4=+ ...... ]
- 1 1,1 1, .=

FOURIER SERIES 11

Example 4. Obtain the Fourier series for the function f(x) = x*, - n < x <n Hence show

that
<£)1i2+2i2+3i2+%2+...,..=;1;‘-5=§ (PT U. 2005 BP.T.U 2006)
(i) xif —%+§—¢i§ . =§ = i’,l =% (M.D.U. May 2011)
(r’il)‘l‘li+3_12+5_ly*"“"= 2 ,«2,:1;2 =%'

n=1
Sol. Since f(- x) = (- x)* = x* = flx).
f(x) is an even function and hence b, = 0

-
Let ﬁx)=12=?"+2a,,oosnx
n=1

Ld
2 (= 2 4 -l
oy == de=2|2| =Z*
Then % nIo b 1':]?3.'t 7:[3 , 3

a, ng-n f(x)cosnxdx=zf x* cos nx dx
ndo ndo

o) ol ] 2

=0

ERRD e
2
n cosx cos2x cosdx cosdx )
TS — + -  PTRS L i
3 4[ 1 22 3? 4 p
Putting x = 7 in (1), we get
2 2
n 1 1 1 1 2n 1 1 1 1
“2=T_‘[_?_2_2_3_2__F+ ______ ) = —3--4(?+2—2+3—2+F+...m]
» [ I e n?
F+?+¥+F+ ...... —— [Result ()]
_ _ AT I )
Putting x=0in (1), we get 0 = 3 1 22 3% 47
i 5.0 1 n? .
1_5—?+3_2-F o [Result ()]
, . T3 o _nt
Adding (i) and @ii), we get 2 F+?+gi+ ------ Y
. R | n? 3
? + 3—2 + 5—2 + e = ? . lREWI‘t (0]

Example 5. Oblain the Fourier series for f(x) =e ™ in the interval 0 < x < 2r.
(S.V.T.U. 2007

Sol.Let fli=e™ =2+ a,cosnx+ Y b, sinnx
n=1

n=1
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2n —on —
_1 i ( dx—l‘[:st-ldx=l -e“’ =1—_—E'—' -2 (‘-l)" . h
Then “0‘;_[0 fix) - = : x “Similarly, b, = n L su; an
- nla® +n®)
1 2n 1 < 5 - Py = n_:
a, =— f{xlousmrd:=-j e™* cos nx dx o _ Sinh an 2a(— 1)" sinh an : 2n(- 1)" sinh an
RL wa 2n © T an +nz-:1 nta® +n?) R ~ nla®+n") L
-1
=$[le :“"“””‘“‘Si““”] 2sinhan| 1 [ cosx _ cos2x  cos3x l
+ = ——— - — - - aamsmn
. 0 n 2a [a’+l’ a?+2° a?+3? J
™ .
[-" Ieﬂmbxdx=a2+b=(acosbx+bsmbx) P sin x _2sin2{+3£in3:_ ]
1- 2" a?+12 a®+2? a®+8% 7
-e
- w(1+n?) Deduction. Putting x =0 and a = 1, we get
2n 2 g :
b_g_lL ﬂx)’i““‘d‘”lf’,“sinm:dx ldzamhn l_( § 1 . X . 12*“""“
% K0 - = n 2 (1+2° 1+2% 1437 1+4 /]
1} .a™ . Z 1= 7" n
= " g(-sinnx-ncosnx)| = it x 1 1 1
" +n = = + &
o e sinh 2[l+22 1+3%  1+47 J
[ Ie“’sinbxdx= : e {“ﬂmb‘“bm"ﬂ:’ Example 7. Express fix) = | x |, - & < x <=, as Fourier series.
i Sol. Since fl-x)=|-x|=|x]|=fx)
L 1-e® 1-e% S cosnx | 1-e < nsinmx fix) is an even function and hence b, =0
Sh L] b3 ik 2 z -
2n n -~ 1+n n 1+n a9
n=1 a=1 Let ﬂI)= I x I -—tz a, cos nx
l_elnn 1 1 1 1 2 n=l
s E-r Ecoax+3cos2x+-l-6c033x+..w o : - o2 T
Then Qq=_j f(x)dx=—r|x|dx=—J xd:z—[i—l:u
L. 2. 3 nd n Jo nto x| 2
+(-§sm:+gsm2x+ﬁsin3xd-......}] 5 e s
; ; n=— (x)cosnxdr==| |x|cosnxdx==| xcosnxdx
Example 8. Find the Fourier series to represent e** in the interval - n < x < n. Hence g EJ: Fa n-L nfo
derive series for ‘ﬂ : -Ex i —1.(—““
sinhn s 2 3 e
3 = 0, ifniseven
ax _ Go a 2[ecosnn 1 2 &
Sol. Let me === a + == —_— e [~ 1) = -
Ax) 2 "E'l  COS NX "Zlb.smnx u[ pe u’:l lel D" -1 = ;‘t.ifnisodd
i 1 e, 1e=T 1 . . 2sinhan ____[ cos3x cos 5x ]
Then ag rr-[u ﬂxlch—ul_‘e dt-;!:TJ_!=;(en eahT |zl= cosx +—— T T
a-',%r f(x)oosm:dx:lr e Nute.Putti.ng:-Gintheabwemult.weget—1—12-1-51{1-;"5\»......:%
- Nd-=a
Example 8. Expand the funetion f{x) = x sin x as a Fourier series in the interval
1[’ e ‘ n 1 -nSX<M (U.P.T.U., 2008)
=—ﬁamnx+nsinn.r}] =—[ae™ . 1 3
fila®+n i I'I{aa-rn’)u cos nx — ae ™ cos nnl D !””m____+i__{.+”_“_=x 2_ (U.P.T.U., 2008)
an -an 13 36 &7 79 4
_acosnn(e®™ —e™®) 2a(- " sinhan

nla® +n?) nla® + n®)
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Sol. Since x sin x is an even function of x, b, = 0

Let ﬁz)-;sinxa%*'zancwnx

n=l
n

: 2 n
Then ag =%J: 1sinxdx=%[x(—cnsx}— 1.(-sin x)] =;(—ncosn)-2

0

2r . = lr .

a. ==<| xsinxcosnxdx=—| x(2cosnxsin x)dx

) nJo A\ .

nJ0 (Sfr\lﬂ—ﬁ)' 3:!"”\45))

> —l-rxis'm (r + 1) x —sin (n - Dx] dx
nJ0

l[ {_cos(n-& 1)x+coa(n—1ix}_1‘{_si.n{n+ l)x+ain(n—l)z}:[

n n+l n-1 (n+1)? (n-1%
1)) costntm  cos(n - Nn it
n n+l n-1
_cos(n=-1n cos(n+1mn
T n-1 n+l1
Whennisodd,n#1,n—-1andn + 1 are even
T 494 8
" n-1 n+1 n®-1
When n is even, n — 1 and n + 1 are odd ,thu_(i.\:'.’
a, = ol & -:4'3'"95' SinL™
n-1 n+l1 n?-1
When n-l.wehaveal-Errsmxmxdx=l‘[:xsin2:dx
nJo n
. x[_cmk]_l[_sinh)"_l_nmsﬂt - |
n 2 i 4 J, = 2 2
i 1 cos2x cos3x cosdx cosbx
xsinx=1-—cosx-2|— —— +— —— i
2 2°-1 8°-1 4°-1 5°-1
" -1 1 1
Putt =X weget Z=1- T
e e [22—1 -1 -1 ]
Togenlatocnt e b } owm® L. K. %
= 2 22-1 4'-1 6*-1 4 13 85 87

Example 9. Show thatfor— n < x < 7,

2sinan| sinx 2sin2x Jsindx
zs_as'zz_ar 3’—:;’#

sinax =
8ol. Since sin ax is an odd function of x, ;=0 and a, = 0.

Let sinn.rszbn“inm

n=1

FOURIER SERIES 15

Tl{ﬁn b.-%fsina.rlinnxdx--i-‘[:[m(n—alx-w-(n.+¢):ld.r

l[lin (n-a)x _ si.n(u+a)::|:= l[si.n (n-a)x _sin(n um]

L n-a n+a n n-a n+a
1[(-D"(-sinan) (-D"sinan|_ (- D*sinex[ 1 1
“x n-a n+a " |m-a n+a
=l n*l 2n gin an
R
- !
.m“=2ummt (20 £ 8in nx
n &~ n'-a
2sinan( sinx _2sin2x 3sin3x ]
- n kl’-ﬂ’ 23_6’ 3l_¢2 * .

Example 10. Obtain Fourier series for the function fix) given by~

ﬂ’x)=1+4?,-u5xso

-I-—E,OS:Sx.
n
2

1 1 3
Hence deduce }.’.4- 7 + 57 + = s
Sol. When -xsx50, 0s-xsSn

2(-x) 2%

fl-x)=1- = =l+‘-ﬂx)

When 0<sx<n, -nsS-x<0
A-x) _, 2x _

f(—.t)-l+T-1 - fix)

= flx) is an even function of x in [~ &, n]. This is also clear from its graph which is

symmetrical above the y-axis.
Ny b.-o
% -
Let ﬂx)-?-r Elo.ooonx
=_£f(‘]d‘=‘?-f [1—;25)&=g- x—ﬁ i =0
e - n n n n
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a e FOURIER SERIES
e n
g U= 1 " si i (-1)" si 1 ko
n 2 1[(-1) sinen (-1 mnm] = smcu( _ J
4 - - €08 nx n n+c n-c n n+e A-C
-1 =D ——
flr=— ,.2:“.“ g
o 4(2mx+2¢°‘3"+2°"“5‘+ ...... ] —x/2 L L _(-1sinen| -2 | _ (-D'siner 2
Tmfl 12 3* 5* : o X - n n-e2] n ¢ -n?
[~ 1-( 1)"=0whenniseven]
8 (cwx coaBr ooy sinen Zesiner | (-1
-z—z 12 + 32 + 52 1’...---] - m(l)P CO8 CX = - +-__’t—__ nzl cg—nz COs nx
e 1 1 n" since AO)=1 -
Putting x=0,weget —++—g+...=7 shaon! i bx . Dk
1 3 b a = ~+2 --?—21'—2—-—'3-— ......
Example 11, Show that for —-nSxsT, n e =1 -2
sinen |1 2ccosx 2ccos2x _sincn-l_ﬂcwsx+2ccos2x_
eosex=—"— | "S- -2 T e A-P -2 T
where ¢ is non-integral. Hence deduce that Deduction Putx=10
E I 1  uinex(1l 2 2 ]
= -n" — MDUDwﬁOll - . T ] x_ F Traesee
n cosec (c ) "zo“) [nﬂ'r“}_c] ( ) x (¢ -1 *-2
3 ; : 5.0 1 (e+D+le-D (c+2+(c-2)
Sol. Since cos cx is an even function of x, b, = = meosec (M= -~ oD | (e+De-2
_%,% 1 § i 3§ % 14
Let osex=—-+ ), G, COSNX (D) S L R PR R e
° 2 ..E-t ¢ c-1 c¢+1 c—2+c+2 e-3
9 rx 2[sinex]" E 1 i 1 [ 1 1 ]_
Then a==J, ‘m“d‘=;[ = ]o (c+1—c e+l 2-c) \c+2 3-¢)
_ 28ineR  ince ¢ is non-integral, sin cn # 0 =i(-li" ol gt
B R A gral ] n+c n+l-c
Also, a =Er coscx cosnxdx = lJ..[cos(lr:-v»n':]: +cos(n - clx]dx - 1 1
« gl n Jo Hence = cosec (cT) = E (-1)"[ + ]
- o n+c n+l-c
_l[a.in{n+cl:+|in(n—c)x]
n n+c n-c
o EXERCISE 1.1
- ;lt.[smin:cc)mm:‘u:cc)s] 1. Expand in a Fourier series the function f(x) = xin the interval 0 < x < 2
2. Express f(x) = -}ll - x) in a Fourier geries in the interval 0 < x < 2x
= l[am {uz+cx)+sin(ml-cl} 8. Find the Fourier series for the function f(x) = x + 2% in the interval -t <x<m
n n+e n-c¢ (Rajasthan 2006)
Hence show that
1 (—l)nsiﬂﬂ (-l)n Sm(—ﬂ] 1 1 1 1 8’ P
= e e—_ D=t —— L T : 1 1 1
u[ NEE n-e O F'F @t (“)“"2?"'52‘*:2“' ------ ="?
.
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1 ) B0 ) B
: =il —gin3x-—sindx+
4. !"methatt‘wallvaluescfxbﬂween-ﬂandlx‘2[’“""2'm2x+3’ 4 H
(M.D.U. May 201y
5. Obtain the Fourier series to represent € in the interval 0 < x < 2. ——r
6. Find the Fourier series to represent & in the interval - T< X <T. (M0 '-D (3 201y
7. Find the Fourier series to represent the function f(9 = | sinx |, ~R<X¥<T% (M.D.U. 2007,
B ries in the interval -t <x<T.
8. Expandf(x) = | vos x | as a Fourer se n s 105 Wt :
1. o ni-1"
8. Prove that in the interval —x < x<®, X Co8 X=— -z-su:x +2 2 w!m’“-
=2
: (U.P.T.U. 2008
xix? -z?) sinx sn2c sindx sindxr
10. Prove that for —m<x<mx, T i ———23——1- 3 ]
11. {a) Obtain a Fourier expansion for J1-cosx 1n the interval -~k <x<=
L
[um.rw all integral values of n, cos (n + 4) % = cos (2n + n5=o=m(n-%] x]
(b) Obtain a Fourier series fur‘fl-m % in the interval (0, 2%) and hence find the value of
L LB (Bombay, 2006; J.N.T.U. 2006)
1.3 3.8 b.7 _
12. Express f{x) =cos ux, ~M<X<T, where w is a fraction, as a Fourier series. Hence prove that
1 20 20
MB—E-!'B! _33 +03_4,;’ ......
18. Find the Fourier series for f(x) in the interval (-m, 1) when
Jy=n+x —n<x<0
=m-X O<x<m.
¥ n
14. Obtain a Fourior series to represent ¢ from x == to X =1 Hence derive series for ey
(M.D.U. May 2008
2a . 1 v 1
16. Prove that in the range — & <x <, cosh ax-Tlmha‘l -2?4-21 mmu )
-x+1 for —m<x<0
e Gwan!(.v:]-—-{ x+1 for Osx<nm
Is the function even or odd ? Find the Fourier series for f(x) and deduce the value of
1 s 1 & 1 "
Answers
O 8in nx o sin nx
) 8 ﬂxl-:—zzl = !.ﬂtl=zl =
n= ns=
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2
n cosx cos2x cusdx sinx sin2x  sin 3x
5. ﬂxl-—-d{ e — ] z[—__—— R ]
T I i 2 8
n 2n =
x -1 " -1 cognx n 8
b € = + = _Zl[l*ﬂ’ ]+n2mnu]
e ‘,_hinlu
' n
1_[lmx.._l.mzx+—m3x- ]-{~sinx—£ain2:+—|in3x- ]
3 |3 Pl T F8in2x 4 Toindz-......
7 Ismxl=-2--i m2z+m4x+ ..... +2rm£+
n =n 3 15 4n* -1
2. 4 cos 2x _ cos 4x ]
8. |cosx]| +!(—3 5 +.
2& 4‘@ OB RX 1
1- B —— —— e
11. (o) o8 x = = n;‘ e T (b) Same as in part (a); 3

12. coswx=

2w sin wn 1 ..t 2 cos 2x = cos3x
Pow? 22-u? F-wt T

n 4 (cosx cos3x  cos5x
1. fix} 2+“["1'i_+_3!—*'_5:_+‘""'}
ax _2sinhan |[ 1 acosx acos2x _[sinx _2sin2¢ 3sin3x ]
u € r 26 1% +a 2’&-::E ''''' L +a? 2% 4 a? W A

n o gf 1t 1 1
sinh 2.1 2+1 4241 7

16. Even.f(’x}=%+ 1—%[wsx+—?——+—5!—+..m. -~

1.4. DIRICHLET'S CONDITIONS

The sufficient conditions for the uniform convergence of a Fourier series are called
Dirichlet’s conditions (after Dirichlet, a German mathematician). All the functions that nor-
mally arise in engineering problems satisfy these conditions and hence they can be expressed
as a Fourier series.

Any function f(x) can be expressed as a Fourier series % B z a, Cos nx + Z b, sin nx

n=] ns]
wherea,, a_, b, are constants, provided
() f(x) is periadic, single valued and finite.
(ii) f(x) has a finite number of finite disconlinuilies in any one period.
(iid) f(x) has a finite number of maxima and minima.

When these conditions are satisfied, the Fourier series converges to f(x) at every point of
continuity. At a point of discontinuity, the sum of the series is equal to the mean of the hmits
on the right and left

A A N T . S, eSS SE—







‘TEﬂwaKFENWEEMHGMMmEHNWa

Then an=%f‘ﬂx)dx=-::[f‘0ch+j:dnxd:]=;
u_=if‘f(x}coasmd:=%[r_)- 0dx+]:sin:onln.tdx]

=-2—1-£2cosuxsinxd:=-l—f[sin (n+ l)x-sin(u-l);]d;

=_1_[ cos (n+Dx _cos(n- D:L aeii

2n n+1 n-1
_1[ cos(n+Dm cos(n-Dx 1 _ 1]
"2u n+l n-1 n+l a-1

R o P T
“2r| a+l n-1 n+l n-1

Y 1 1 ],whennisodd
2n n-l-'l n- l n+l n-1

2 1 1 ,when n is even
2n n+l n- 1 n-l»l n-1

whennueven

When n=1,wehnveol=%fsinxcnsxd.:=f;—u-fsmzxd;=%[_2’;2& =0

b= if‘ﬂx)sin:ud:=-:-[f' 0dx+j:ain:l:innxd.t]

1 ; ;
=EE 2 sin nx sin x dx = %E[om(u—l)x-m(ui- 1) x] dx

_1[sin(r-Dx sin(n+Dz] _
2"[ n-1  na+l l-l}.uil
When # = 1, we have

1 . . 1 = h
b,=; ]: mxsm:d:=§l'(l—m2x)d:=%[x-ii%£x“]:=%

f(x) = '[2'—1+4’-1+62—1+ _]+§-ginx
=-]-'-+-!-s|'n;_3 ;?2_"‘
n 2 x5 @t -1 (1)
Putting :=0in(l).wehaveﬂ=}--_2.z L
® n ¥ 4n"-1

FOURIER SERIES
—S—

1 - 1 - 1
= 2"2 4n?-1° T~ —l--c-i

ot 4n®*-1
1_1=_£ ¢ (-1"
= 2 = n __1“5_1
=N, § &P . a.1 3
=2 ‘ ,;1 (2n_1}(2n+n- (“ﬁ+ﬁ—ﬁ+......]
T N S
w 33 2 AT T g
EXERCISE 1.2

Find the Fourier series to represent the function
==k when -m<x<0
=k when O<x<m
Also deduce that -:—-1-—4'—-——-1-......
(a) Dcvalopﬂ;t)inaFourhrurieuintheintawal (—n, ®)if f()=0when -n<x<0
=1lwhenO<x<mn

Deduce that sum of the Gregory series 1= —+— -2 #...... is—.

3 6
(b) Find the Fourier series of the function defined by

0, -nsx<0
f@=\x, 0sx<n

Find the Fourier series expansion for f(x), iffy=-m-n<x<0
=x, O<x<mx

(M.D.U. Dec. 2011)

[Ilint.?nrﬂmdeduutinn.p\ltxaﬁnthemmlimofﬂs).

f0-0)=-Rand fO+O)=0 - ;(o;=3mo-m+ﬂ0+m1--1]

Find the Fourier expansion of the function defined in one period by the relations
fl)=1for0<x<=®
=2forn<x<2n

-ndd.ducathat—‘—-], ————— divinis

-nsxs0
Find the Fourier series of f(x) = :2. 0sxsn

i | U. Dec. 2009
which is assumed to be periodic with period 21. (M.D.U



s il S i R
A TEXTBOOK OF ENGINEERING MATHgp,
e ——— ———

24
i i llowing funetion:
Find the Fourier senss:!;:ha follo e
- x3 _nsxs0. ik
e ifier has the form
i assing through a rect
An alternating cmnt-u:[ﬂ::‘ ; gl o
: ou for ®SXS 2n ' _
= current and the pariod i8 an Express i as a Fourier series,
mum
for the function
g for -®<x< 0

ﬁx)={,, for 0<xz<T

(M.D.t. 2007]

where s the mexi
Obtain Fourier series

and hence show that
B +_1._+-]—'-+ S
r series for the function

9. Find the Fourie
-1 fu-u-cx(—%

0 for-%u-:s

fi=
1 ﬁr%czcz
Answers
L o Bfense S 00 )
2. (dftf}='21'+§[linx+'ins +nn55$+. ]
n 3 pin 3 sin Sx
(b}ﬂx)=§*’(m’+ 3 s 5 *‘]
n 2 cos 3x cos bx i in sin 4x
3. m)gu:-;[mz+—§—+T+ }+(a - +8in 3x - n +J
4. ﬂx)=§—£(sin:+“3x+'inﬁx+ ...... ]
2 = 5

3
= cos 2z _ cos 3x
._ — - - -
m)= 6 2(“: —2!—+T ......J
1

_;Hi l’]n’nx-rgain2x+($—§]ﬁnaz+§.in4x+m_}
6. ﬂ-‘):?(l——}}ainx—iuinh+§( 'é)ﬁiﬂfix—gsin e

P 1

8. =_B, 4[cosx cosdx 5x
M 2+:( " FY +E§!“+]
. ﬂ,]=£(d“_.in2“sinax_ ]
n s besess
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FOURIER SERIES
1.6. CHANGE OF INTERVAL

In many engineering problems, it is desired
an interval of length 2/ and not 2n. [n order to app
transformed into an interval of length 2n. This can

to expand a function in a Fourier series over
ly foregoing theory, this interval must be
be achieved by a transformation of the

variable.
Consider a periodic function f(x) defined in the interval ¢ <x <c + 21. To change the

interval into one of length 2x, we put
x e
2.2 or ‘.".=—,E so that when x=¢, z= — =d (say)
I = I !

and when x=c+2l —_—
Thus the function f(x) of period 2/ in (c,c+2l) 18 transformed to the function

Iz
f(—'] = F(z), say, of period 2r in (d, d + 2n) and the latter function can be expressed as the

n
Fourier series
F‘(z)=£29-+l§la"cosm+z b, sin nz A

n=1

1 qd+an 1 +2n 1 pd+2n )
whereao—;L F{z)dz;a,,=;j: F(z) cos nz dz, andb_=;L F(2) sin nzdz ..(2)
Now making the inverse substitution z = -ﬂ;, dz= % dx
When z=d x=c¢ andwhen z=d+2mx=c+2l
The expression (1) becomes F(z) = (-’5]= — 3 e 3 .o AR
(1) becomes F(z) =F 7 f(x) 2 +§10”cos 7 +§16,sm—}—

and the co-efficients a,, a,, b, from (2) reduce to
'l + 2 1 pet¥ +

ﬂo-—"'f f(©) dx; a,,=-‘.-L ﬂx)cosf-?-&t: and b,=%r mﬂr)sin?dx

Hence the Fourier series for f(x) in the interval ¢ <x <c + 21 is given by

ﬂ-t)=%+ S ancos-'ftgq- Y b,_sinf'-}E

n=1 n=1

1+ nmx
and b -—---l il
nTT) f(x) sin 7 dx.

_ 1 2 1 + 2!
where “0"?.[: Ax) dx, a,=7f ﬂx)ms—’!-;t—x—d:
Cor. 1. If we put ¢ = 0, the interval becomes 0 < x < 2/ and the above results reduce to
1 ¢ nnx 2!
[, A cos " dx and a,=7 [ Ansin s

1
s o
Cor. 2. If we put ¢ = -1, the interval becomes - | < x < [ and the above results reduce to

wl 1 nnx l
%o t.[‘:ﬂ’)d"' “n=?.[_‘;ﬂ”)"°“Td3’ and b,.'—'flj_,ﬂx)sm%r—dx
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I£ A(x) is an even function, we have
b,=0
ao——f:;"()dx a --rf(x)ms-'—dr and
ll'ﬁx)llnnoddmncuon.wehﬂe a,=0, a, =0
2 . BRE
and b,,=i-nﬂxlsm i dr.
ILLUSTRATIVE EXAMPLES -
Example 1. Fh;di‘ourma\pmwwnfortheﬂuwumﬂ'thr o2 -1<x<
Sol. Let flx)= —+E a, cos nfnxy + 2 b, sin nnx
a=l n=1 s ,
Then a, = I(x P)dx= j_ xdx- Ix’dx 0- 2_Lx’dx——2[ l
ﬂ,,=I1(#—.!")ensnsxdr=J:lxcos:ctxdr—_[_lx“cusruudr
- 1
sin amx €08 nMX _ sin nmx
=0-2L’£m,m¢=-z[x’. = -2:(— i ]+2[ 53 J]n
. [3""‘““]_—4{—1)"_4{ =+
=2 nen [ S R
l l 1 -
b..=_"_I(I-'I’)ﬁnrmdt=1]xsmlludx-11ﬁamm;gdx
; 1
v C08 nix sin nnx
=2L xainnutit—t]:z[x(- = ]-1,[_ i3 ]]u
= nn nn nn
1 4 [cosmx cos2nr cosdnx
:-E=-§+;T(l! = o7 + D i ]
E[Binitr_sinznx sin 3nx
4 1 2 32 ......
Example 2. Find the Fourier series to represent f(x) =x* - 2, when - 2< x< 2

' (M.D.U. Dec. 2011)
Sol. Since f(x) is an even function, b, =0.

Let ﬂ!)t:2-‘—'9-+zamﬂ
2

n=]

"E : -f_ 8. n i
Then %-2Lﬁa-2)dr-{3-2gﬂzg, i -

FOURIER SERIES e~
em—
" 1
a3k - Do B
aiy cos X Lo 2
=|G* _2)_‘1‘2:—-—_2_+2_ 2
nin? 3.3
an
4 8
= 16 cos nn - 16(- 1"
n’n? 5
2_18 ™ _1 1 3nx
12 2— 3 “3 (w' 2 ‘mu'P;m—z—-'— ...... )

Example 3. Expand f(x) = e as a Fourter series in the interval (- 1, 1).
(M.D.U. Dec. 2010)

n=l

1 pe 11 e ( RRX R . mu:]
%™ 1 cos = de=7 - €08 — + — 8in
- l l nn l ! l
]
I
]
[ I"unbxd: —bi—(ambx+bsmhi]
2 l [~ & cos nn + ¢! cos nx] = - 2l cos nn [cl-e"]__:?.l(;l}'nn:ll
TP+’ 2 +(nn)? 2 2 +(nn)
b =-1-J"e""'si.n-EEd.t
I A l

[ e sinbxdx= . 5 ,{asinh:—bmb:):\
a"+b

1 2nncosnn (e -¢')_2nn(- 1" sinhl
[ 'l'l l)ooansl= =

2 +(nn)? 2 1? + (am)?

T B (nm)?
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sy
n (n

+ x5 . .
x [sin (e j M_l_}_{-sm{n—;}x”
[ ( M*%i—%}'l'!‘ (n+ll£ (n-1 s
x{-— n+1 L

ﬂm} when n#1

= 1%

n+1 1
1 ——
23 e
I—Dn¢|+£:_ll’:i_={__])nl["_1 "+1] (n lxﬂ"'ll

n =1, we have

When 1[ cos 2x 1 _ sin 2x '
e[ 2 e
l,,l._..%J{:'iugin.\:coaxd-ﬁ',,'_[,""m x # £
r
1 19_8;2’_‘]:_1
=; 2 2
) cos 2x _cos 3x  cosdx ]
”mx-l—gmhx-ﬂ[l.s 24 85
o ]
Tt_ P ___+.__..+—-—— ......
Putting x =7, weget 5—1'2[1 35 5.7
g 2 2 _ =%
- 1413735 57 2
n
= 3.__&+l- ..... ===1
1.3 3.5 5.7 2
L X 1. i
B TR e

Example 4. Obtain the half-range sine series for e*in 0 <x < I.

Sol. Let e*= z b, sin nnx, (since I = 1)

a=l

1
1 X
Then b, = ‘ZJ ¢* sin nax dx = 2 | ——— (sin nmx - 7 cos nnx)
0 1+(nm)? i

{ je”sinbxd:: : 2(asinbx-bwsb’5]]
a“+b

e
=0 (
[IHM)2

8 1
nncosnm)- ——_ (_
1+(nn}“( mt]]
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i v 2nn
Toni [-enm (- 1)" + un) = e nin (L-e¢ 1"
o nll-e(-1)")
Hence e* = 2n _
,,E=l 1+n’n?
—9 l+e . 21-e) . 3(1+e) .
=2n 7 Sin 7x + 2sn:12:|.::+ 2:smSﬂ::r«» ......
1+=n 1+4n 1+9n
Example 5. Develop sin (%] in hatf-range cosine series in the range 0 <x <|.
(UPTU 2007

then

Sol. Let sin[—]=a—u+ a cmﬂ
2 n=1 : I
i
1 nx 2 COSE“ 4
— sin — == | ! = - — - = —
a, t-[o sin = dx ] = nlcom't 1] =
L
2 . m™ nnx
e,= T-l.o sin =~ cos = dx
1 B e x .. nx
_?Jn[am{n+1}T—Bm{n—1)T]dx
2 ]
1 s+ D cosin-1D=
=7|- “f + l whenn =1
(n+D X Gi-nE
B 1 i J
=l‘{ﬁcos(n+lln+cos(n-l)1t 0 1 }
m| n+l n-1 n+l n-1}
[+l qyn-l
=_l: _=D +( D % 1 ok
n| n+l n-1 n+l1 n-1
When n = 1, we have
2 e, 1l 2mx
G—l !‘L sin ! I:OSTdA’—?IO sm—rdx
!
s N
—‘i _—2__11_ =—‘E— (cos 2r — cos 0)
l
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1 - 3

1 1 i _____..i- :0.alsoa,—O
When n is odd, 7 # 1 L'n+1+ 1 ntl B
“n 2| & . nn A2
1 1 ] == |7—sin—+ e s
TS A ] l||2nn CREP 7 3 L 1
Whenniseven,a, = 7| 271 n-1 a+l s=1i] .
1 1 ______.__i———-"' % _:22 m‘“‘ﬁﬁ a8 .8 -~ |
‘E[’_—I—ﬁ “mn+Dn-D " i 2 n'a? 3 “
zia* _2|2m' nx_ A M me
2nx A o5 —— IL??F 2 aln? nin? M]:"‘z"‘?{g 5"“'1'1:03'!‘5]
nr 2 4 r g t +._..—5-"?—£'—‘+...-.- = 2
’m(TJ=;_; ~13 35 . When n is odd, cos —- 2 =0andcosnn=-1 . a,=0 = a,=a;=a5=...=0
’ — 2kl 8kl
l:umples.ommawmngummesmeffw Mabsl el
i ki
fio) =k for 05155 a4=4,—n,-[2ws2u—l—oos4n|=0
1 2k.l'
M-z for gSEsk o
(V.T.U. 2007; M.D.U. 2005, May 2008, Dec. 200g) 63 (-2 _1_1)_._3‘3&“‘1”05
n?
.1 1 . 2005, May 2008, Dec. kl
DedmthesumofthesemsI 33*3?" ...... (Dec 2008) for= 7 8k£[22m_2_:§+_61?cu%+ ______ ) S
s e ey ¢o+ = acmﬂ Putting x=f,f(1‘)-
-~ l =~ From (1), we have 0=¥‘§¥[§1§+£§+"""]
2(0 dr = 2[[" kude+ [ bi-0dx ’
a°=?0ﬂ:} _Z[J: +H3 = lq._l.q.____‘ =ﬁ =5 i[_l_+_1_+ ]=ﬁ
; 28 ¢ " 32 T 32
2 -5 gy
i | S H —t+=t =—,
iz, 2)|, ence gty 8
2
_2fm? (i ’_& 2o _ 2kt _M EXERCISE 1.4
l| 8 2 8 I\ ¢) 2 . .
L. (a) Obtain cosine and sine series for flx) =x in the interval 0 <x <n. Hence show that

i 1.1 n?

)
a =Erﬂxim—ugdr=%[£ kx . cua——d.x-n-j kil - x). cos-——-d:.’ ?+§2-+5—2+......_ :

L {
(b) Prove that for 0 <x <!
_2 kxl'"mklz -
_I .ﬂﬂsmnf_-*- 'ﬂgﬂs o f _i_ﬁ(m£+-l_m3_]?_+lcm_5g+ ]
° 3 AT AT E T
2 mul 2. Find the half-range cosine series for the function flx) = x* in the range 0 Sx ST
ol ey, i 2 i
e T e T (B.E.T.U. 2005)
n'm < 3. Find the half-range cosine series fortheﬁmctionﬂx!-{x«l)”intheinterval()cxcl.

(V.T.U. 2006; M.D.U. Dec. 2006)
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4. (a) Express sin x as a cosine
(b) Show that a constant function ¢ can be expan

(c) Find the Fourier half-range sine

T .
5 If ﬂ‘t]=§' 05.‘!53
n 2=
=0, N A
=-§, ESES:'SI
coshx cosTx
= 3 .
then show that fix) 75[“"-“ 5 7
4
6 If fiz) = mz, ]
zm(ﬂ—x}, ngS!‘l
4m [sinx sin3x sin5x
= — - + 5
then show that flx) = [ Z 3 52

Hence show that

T 1
lsll—g"az_

ﬁ[simn————-
n

1+_"_+ -"52"
+3—2‘ a2 6
=

...... a'

geries in 0 <x <™

sin 3x +8iﬂ5x+”

3 5

7. [Express fix) = x as a half-range.

(¢) sine series in 0 < x < 2.

(ii) cosine series in 0 <x < 2.

8. Find the Fourier sine and cosine series of

. lx= 1 2
8. Showt - — gin 2
w ha.tthl:seﬂe»l't Z St —— represents E!—xwhnnl](x-:!.

. I:I~:::<-5
fix) = -

0, —;—<:<8

_];_+,_1_-__—+ ......
gy 4
dedmminﬁ.niteseries

] in the range 0 <x <T-

series of fr) = 1,0 S < 2-

4

FOURIER SERIES

16. For the function defined by the graph OAB, find the half-range Fourier sine series.

2
-t
=35 11.
(M.D
200y
12.
13.
(M.D.U. May g3,
: 14.
15.
(UP.T.U. 200

(KUK Dec. 2010; Bombay, 2006; M.D.U. Dec. 2010

n=1 !
10. Find the half- i i 2
rlngemneameaforﬂrl:-i-z. 0<x<:,:'
_ 3 1
-x-—I, -2-«(::1.

(M.D.U. Dec. 2000

Represent the following function by Fourier sine series
flx)=1 when 0<r<'12*
=0 when

-écx-:f.

Find the half-range sine series for the function fit) = ¢ — 42

O0<tecl,
Prove that forO<x<m,

2
m_x)=1‘__[£9ﬁ cos4x  cosbx
8 12 +—‘Ei—'!- 32 ......
1
e, when0<x<—
Let fix) < S

m(I-xJ.When%SxS!

(-1 s (2n + 1) mx

4ol
Show that )= —g
e b Igz (2n+ 1* 1

n=0

Hence obtain the sum of the series

sin x, for0sx<™

If fix) =

€08 x, fcn'%f.;i:s'..E

expand flx) in a series of sines.

Y4
A(a, h)
(x) :
ih
a | .
0 B(l.o) X
A.'IIBWQ‘!'!
@F_ 4 (copysC083x cosbx ) (o sin2x sin3x sindx
a 9 —3r —52 S

2
n cos 2x  cos3x cosdx

2. —-4|cosx- + -  Jr—
3 [ 22 32 42 ]
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w
4 2 4 [cos 2x - cos 4x  cos 6x FOURIER SERIES
: d o o 4

| He 18 .
2nx | COS e ] 4@ 5 = Inte . 2
= %+%[mmﬁ+-—‘—f‘* 3 ) sratmgbothmdesw.r‘t.x,bet:weenthelimitscwc+2l, we have
Inx | S ?_E'. ..... c+2 a v - '
4 = lm_..-w-sm 2 J [f‘x]]gdtz—u. (x)dx +2 nmnx
wffezimFantoL [ g [ o S o
o 1 S lga =S -geiTy
7 m—[sm—z' 2572 '3 2 " o
s
B‘- —_ _3.£+1m_5°."_’.+....,] +Zb,.j flx}sinﬂEd;
(i) 1- g e85+ T 73 £ 2 nel % i
9(sinx sin3x  5in5X J (E;’E_zi-ii’_‘_“i+s_";§£- ..... ) a |, Z-: . &
§in X _ e et 4 = —.ilay + a,lla, )+ b, (lb,) i
8. mﬁxl=§€[_1f_ ? 5 a 270 & Z [Using (2)]
n 1
x 2[(x -Looslx- ( +"]°°’3’ (Tﬁ_?]msx""‘] oMy oo lal &
(i) fix) = & ;(E‘IJ"” 2 - L [f(x) dx=—+!Z(af +b2)
T
1 4 . [__——i—i-]mnﬁn‘x-l-...
10. fix)= [__i]gmu+[§+32’t2Jsm3m+ 5m 5°m 1 gpee2l 2
n’ s e “2?_[ [f(x)) a‘.x- —aid-tz (@ + b%)
1 . 3Imx N+ e ’
B
2 1 e+t [ H, -
13 8 sinﬂ+sin3n+sm5ﬂ ______ J “'% or EL [fx )ladx*To EZ ap +b?) (Parseval's identity)
i ;5( "I TR n=1
i ; . ﬂ!ﬁ . i . _{l_iﬂ_ - El:x_ Hence the prmf_
15. f_"_—g( sin 2x _ ’;"gx-r!;n ]12"‘ ...... ] d_(I ) Z - 1 _ R Note. Parseval’s identities in different cases:
. 1.3 . . (i) If ¢ = 0, the interval becomes 0 < x < 2/ and Parseval's identity reduces to
1.8. PARSEVAL'S THEOREM ON FOURIER CONSTANTS J- (R ds Z 2)
. o7 x - (a,,+b
If the Fourier series of fix) over an intervalc <x<c + 2l is given as
- - If ¢ = — [, the interval becomes - [ < x < ! and Parseval’s identity reduces to
ﬂx)=_+z a, cos +b sin—}
i l 1. 2 ao
nel _[ (NP dx = Z[a,,+
n-l.
then f P dx = "° Z 2.4p2), "
2 S i s 2! 2 uo
n= (u)lfﬂx)manevenfunctmnm(—!,l)tlmnTj [f(=)] -3 Z
0

Proof. The Fourier series of fix) in ¢ < x < ¢ + 2/ is given as
y -
(i) I flx) is an 0dd function in (1, 1) then %‘L (Fa de= Y 82

ﬂ"=ﬁ+2{°um——m+b sin % 0 ;
2 n=]1 i l =
here 2
w "0“.' fx)ds;a, = I' f‘ﬂm——dt b»';.r f(x}sm—_d: 2 (iv) I Ax) = ﬂ+,.z.1°"m_mm 1) then 2 jlﬂxn‘dx %, Zjla,
Multiplying both sides of (1) by flx), we hm
2 2
1A = Z by sin = in (0, theuTj (FLo)? dx = uz_:;b

n=1

a
[Ax)2= -E'Lf(xh Z a f(x)ms——+ Z b,f(x)sin — u:l:x

mR=] asl
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: — VE EXAMPLES ey
— ___.-II.I.USTM'I'l
. o‘r“m‘ymo‘x‘:ﬂandhences
Example 1. Find the Fourier Siné series [t : haw%
I e 2
I+§E+3?+7f+ 3
Wi uirehalfranmeFouriersineseriesforlin(g' -
Sol. We req p
= b, sin nx
Let 1 .Z;l )
2[ cosnx 2
2 _ 3 ewm] 2
Then bs-’;J:(Danxd: n[ - ]., 2 ey

_ 211 [
nn

4 :
wa,-ﬂwhenniseven;andb,= e when n is odd.

Substituting in (1), we get

Now from Parseval's theorem on Fourier constants

L" [f()? dx= 2![——+-Z(ﬂ +b 21} 3

. sin 3x
i -1 1=— +
T sin (2m x or T‘[sm:ac 3 =

Applying (3) to half-range sine series for 1 in (0, 1)

4
¢=0,2=nflx)=1,8y,=0,a,=0,and b = en-Dn™ m=12...
We get, (1?2 dx _1 16 2
[ 32 "
n
81 1 1 2
s X =—— n l 1
[L x{12+32+52+ ...... } or E—=1+32+-52—+
Hence the result.
Example 2. Find Fouri ; :
urier series of 22 in (- m, n). Use Parseval’s identity to prove that
It‘_ 1 I
90‘“5'-+;;+..... :

Eﬂsnjt:(__l’

FOURIER SERIES

- 43
Sol. The Fourier series of 22 in (- n, 1) is .
=
2 41"
x—-—+z { 1) cos nx (1)
a=1 3
Here _ 2’ 4(- ll"
ao_—a-_,a"- b -0 ﬂxl—xz

Now by Parseval’s identity from (1), we get

_[ (%) dx = 21:[ 2£ lfl

=y IF
ST 16 on® 27 < 16
= ? = — -——-; or ___._=nZ—-—-
-m an) P 5 9 -
‘ -
T 1 1 4
or . g 1+ —+—4+.coe. e
90 §1n4 or +24 20 90"
EXERCISE 1.5

1. If filx) has the Fourier series expansion

ag - nnx . Anx
2*21["" ! +b, sin 1 ]i.uaﬁxSn-rﬂ
n=

+2 T
h t.har Wdx=2| 20 4= 2 4b,2
show that | (flx))* dx [4+2u2=l{a,, +5,%)

2. Iffiz)= %*Z“ﬂ"”i?j in 0 < x < /, then show that

n=1
‘rl[f'{a:}]zcl'a:"'1 ﬂ'iq-i z
o “2| 2 n=1a" :

3. Ifflx)= Z bn sm—- in (0, ), then show umf ol ds=L z b2

n=1

I 4l 1
Prove that in the range (0, Dx= e ;fuz-,l(zm_ng

cos [_?ﬂ:;_ll_ﬂ and deduce that
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0<x*% cos 4x , €08 T et

ow that for 3 feosl2x T __ +—7— ! e
5. She L—{__T_‘-I' Its Fourier expansion is
“ﬂ__x]= 6 |
=342 (snx sinds  sins
+ — =
Y = 2 B s
Juate 4
and hence evaluat® Z Gii) fx) = {'1' for-m<x<0
1 for O<x<n Ax +20) = fix)

s : Its Fourier expansion i
o, TYPICAL WAVEFC ¢ repeats a basic pattern. It is o gy .
1 . a waveform tha g pErIEA Single.yy 1 2(sinx sin3x sin&x
eform iS ped as a Fourie : eg Re)=S+ | ==+ ——+""24

A periodic W&V fore it can be develo Fa e T\ 1 3 s
.o ponction. Therefors = usually met with in communication gy, : ; .
pemdl'.::;\'e below some ‘ch#rw;‘:ef:n‘;hse student is urged to construct the Fourier Ting {F6e Qusetion 2 in Basrcise. 1.2}
. e ' ]
d also the corresponding o e (iv) fix) = { 1 for 0O<x<n
}ﬂ ‘ =12 foru-:xc2n'ﬂx*2m=ﬂ-¥l
el K form
Rectangular) Waveiorm
" Squ:m :;o;eriodic function of the form given below. s
t is
-k fOf"““x<0‘ﬂx+2n)=ﬂI) =
- f)={ p for O<x<m - TE: ==
Ya N : i : ' ! :
k -——-'—: "' i ! !
; 5 ! i | o - ; »X
. i a1 3 4r 1 Sxw! i X 2 3 4n Sn En
i o : : ; : i Its Fourier expansion is
: i i I : ! ﬂ}_g_g(sm1+sin31+sin5x+ }
! P H H ] 1 1 X)= 9 '.Fl 1 3 5 serane
- E for-n<x<0
Its Fourier expansion is (v) fly=4 4 , flx +2n) = fix)
2 ; . - forO<x<nm
ﬂx)_ﬂ[smx+sm3x+sm5x+ ] 4
R 1 3 5 = Its Fourier expansion is
[See Question 1 in Exercise 1.2] fx) = sin x , Sin3x +sin5:c+
() f(x}..{l when O<x<nm g 1 3 5 -
0 whenn<x<2n ¥ +2m) = fx) II. Saw-toothed Waveform
Ya It is a periodic function of the form given below.
(i) fx)=x,-nm<x<m and Ax+2n)=fAx)
] Its Fourier expansion is
" :_'_-l —_—
II i E ; i ﬂ)_z[sinx_sin2x+sin3x_sin4x+ ]
:, : I: i : x) = 1 2 3 R
[] - | '
c e o TN N N
n A i T
= 3n dr Sn ¥



1
ﬂx]s-‘l-;x

when

0<z<T and fx+D =M

=T (o]

Its Fourier expansion is

- 2n
11 sin nox -
ﬂx):i—-’? a0 where ® T

n=1

I11. Modified Saw-toothed Waveform
It is a periodic function of the form given below.

n+x for-m<x<0
ﬂ’"{ 0 for 0sz<nfx+W=F)

i

IK:S

FOURIER SERIES

Its Fourier expansion is

nm 2(cosx cosdx i
T T X
flx 4+“[ Tt ] {

IV. Triangular Waveform

It is a periodic function of the form given below.

. 2+x for-2<x<0
o m]={2-x for O0<x<2 fx+4)=Ffx)
Y
~ 2 ~
’f‘ l', J} \\‘- =
-2 [ 2 » X
Its Fourier expansion is
8§ v« 1 T
flx)=1+— ———ms{(&l-l}—]
n* nz=l n’ 2
2x
14— for-n<x<0
.. u
Gs) fo=1_ 2« fix + 2m) = fix)
1-=Z for O<xsm’
n
YT
A 1 »
LAY LAY
’J' \‘ i, \\
Jl \‘ " ‘\
/ R n n [ N\
-3=n ; =2x M\ _'_.E B = ;2 0N ax X
- ;; \‘\ o) 7 'y >
}’ y

Its Fourier expansion is

8 (cosx cos3x cosbx
ﬂx)=‘;2‘[ R e ]
[See Example 10 before Exercise 1.1)



A TEXTBOOK OF ENGINEERING MaT)

E
//- w
’ ‘?m .ven below.

Itisepe { 5 . :
= for p<xsmn
(i) fix) inx
Yé

—x

-3n -2

Its Fourier expansion i8
2 <~ c082nx

—l‘+lsinxﬂ~

[ sinx for 0Sx<T
{ ; 0 forns:s2g'ﬂx*2ﬂl=ﬂx)

(i) fix) =

k|

[See Question 6 in Exercise 12]

Vl.l"ullllhctiﬁodevefom

ti —

18 a periodic function of the form given below
fx)=asinxfor0<x<m Ax +n) = flx)

FOURIER SERIES

_c“4x_mﬁx

3.5

5.7



